Simultaneous frequency and direction-of-arrival (DOA) estimation can be formulated as a 2D processing problem or as a set of coupled 1D problems. In narrow-band cases the 2D approach can be used to remove the need for frequency-DOA pairing procedures but the price can be a considerably higher computational cost. Therefore, the 1D approach a viable alternative in many applications. This paper presents an ESPRIT based technique using the multiple 1D approach. It requires few sensors, guarantees identifiability of the parameters and admits several sources on the same frequency or DOA.
INTRODUCTION
In recent years, a number of high resolution eigenstructure based methods have been developed for the 2D narrow-band source location problem, many of which are based on variants of the ESPRIT algorithm. The ESPRIT family of methods have some well-known desirable features that motivates their popularity; they do not require array calibration, they are search free and are fairly robust against array imperfections. ESPRIT can be applied in frequency-DOA estimation either as a 1D method in a separated approach [1]- [4] , to yield separate estimates of the frequencies and DOAs, or as a 2D method on the full problem [5], [6] . In the former case one needs a pairing procedure to find the correct frequency-DOA pairs, and one must also by some means ascertain that the pairing problem has a unique solution. The latter can be achieved e.g. with the marked subspace device [31,[41. Methods for the full 2D problem, such as the recently developed 2D unitary ESPRIT [6] , avoid this obstacle but the price paid is a higher numerical cost. Typically, 2D methods require eigendecompositions on systems of at least the size 8 , where d is the number of sources, whereas for 1D methods the size of the systems is approximately d. Since the complexities involved often are 0(n3), where n is the size of the system, 2D methods can give a considerably higher computational cost. Moreover, in 1D methods large parts of the computations can often be performed in parallel, which is important in real-time applications. In this paper we describe a novel method for frequency-DOA estimation based on ESPRIT, utilizing the separation approach. It exploits the coupling between the space and time variables in the wave equation efficiently and the number of sensors can therefore be kept very low relative to the number of sources. Moreover, parameter identifiability is guaranteed and it is not sensitive to several sources having the same frequency or DOA.
SPACE-TIME ARRAY GEOMETRY
We consider a plane problem with d narrow-band sources present, lying in the far-field of the array. At each snapshot the array samples the wavefield in M space-time points 
and n E CM is the noise vector. Here, (wk, ~k ) E ( 0 ,~) x R2 is the frequency-wavenumber pair of the k:th signal, -yk is the corresponding (complex) array gain and crk the (complex) source strength (which is random between snapshots). The speed of propagation in the medium is c, hence where we assume that all wavenumbers K k point into one of the halfplanes separated by a line through A.
The array geometry in (1) is physically realized by attaching a tapped delay line of p taps to each of N equidistantly positioned sensors. With this space-time geometry, the phase shift pim) experienced by the k:th signal between the space-time points (z?), ti')) and (zim), tim)) for m = 1 , 2 , 3 is independent of n and given by where, in order to avoid ambiguities, we assume that pim' E [-'rr,x) for all k,m. Let y(@,n(') E CNP denote, respectively, the output and noise vector for the l:th subarray. Then,
where A(O) E C N p X d is the matrix of steering vectors for subarray number 0 and +(") is the phase factor matrix +p(m) = diag( exp(jplm)), . . . , exp(jpLm))). (4)
PARAMETER IDENTIFIABILITY
If the noise covariance matrix is known and A(o), EssH both have full rank the (unordered) phase shifts pim) can be straightforwardly estimated from array output covariance data using 1D ESPRIT applied to (3), provided N 2 d. Thus, given that N 2 d and EssH has full rank the two remaining issues that have to be solved before the frequency-DOA pairs can be successfully estimated are the rank of A(') and the question of frequency-DOA ambiguity. However, both these issues can be readily resolved given the array geometry in ( 
hasfull rank (= d).
'This holds with probability one under mild assumptions.
The proof is given in appendix. The result can be directly applied to the rank problem of A(O) since this matrix can be written as A(O) = WG, where W has the structure in (6) 2) until the input table is exhausted. 5 ) Finally, calculate the frequency-DOA pairs using (2) . In practice, relation (7) is never exactly fulfilled and one has to complement the pairing procedure with some sort of error criterion and fitting procedure to determine when a best match resembling (7) is found (such as a mean square error criterion, which is what is used in the simulations below).
SIMULATIONS
In all examples the signal magnitudes I a k 1 are constant and equal, and the phases arg(ak) are random with statistically independent between signals and snapshots) uniformly distributed phases. The noise vectors have independent components with independent Gaussian real and imaginary parts.
Estimates of the array output correlation matrix are calculated by standard averaging of outer products of data vectors and the 'noise cleaning' process to obtain the signal output correlation matrix from the array output correlation matrix is done by subtraction of a multiple of the identity matrix. The minimal dimension of the composite array output correlation matrix has always been used (i.e. matrix sizes have been reduced due to overlapping space-time points wherever possible). The signal-to-noise ratio ( S N R ) is defined asSNR = 1010g,o(dEls112/Eln112), wheres1,nl arethe first component of the signal and noise vectors, respectively.
zAlso in the condition that D in this case has distinct components holds with probability one under mild assumptions. 
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CONCLUSIONS
The method presented can be viewed as an algebraic frequency separation of the frequency-DOA estimation prob- narios such as passive sonar, where q is generally small, the resulting low requirements in terms of sensors and computations should make the method attractive.
APPENDIX
The only case really needed to prove is T < 
